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The two-phase flow in settling vessels with walls that are inclined to the vertical is
investigated. By neglecting inertial effects and the viscosity of the suspension it is
shown that the particle concentration remains constant on kinematic-wave fronts. The
wave fronts are horizontal and propagate in a quasi-one-dimensional manner, but
are imbedded in a two-dimensional or three-dimensional basic flow which, in turn,
depends on the waves via the boundary conditions. Concentration discontinuities
(interfaces) are described by kinematic-shock theory. The kinematic shocks are shown
to be horizontal, with the possible exception of discontinuities that separate the
suspension from the sediment.

At downward-facing inclined walls conservation of mass enforces the existence of a
boundary-layer flow with relatively large velocity. As G/R?— oo and G/R*— 0, where
G and R are respectively a sedimentation Grashof number and a sedimentation
Reynolds number, the entrainment of suspended particles into the boundary-layer
flow of clear liquid is negligibly small. This provides an appropriate boundary condi-
tion for the basic flow of the suspension. Thus, in the double limit considered, a kine-
matic theory suffices to determine the convective flow of the suspension due to the
presence of inclined walls.

As an example batch sedimentation in vessels with inclined plane or conical walls is
investigated. The settling process is terminated after a time that can be considerably
smaller than the time required in a vertical vessel under the same conditions. Depending
on the initial particle concentration, there are centred kinematic waves that are linked
to a continuous increase of the particle concentration in the suspension.

In an appendix, the flow in the boundary layer at a downward facing, inclined wall
is investigated. With @¢/R2—>co and G/R*—->0 the boundary layer consists of an
inviscid particle-free main part, a viscous sublayer at the wall, and a free shear
sublayer at the liquid /particle interface.

1. Introduction

Kinematic waves are governed by continuity equations supplemented by functional
relations between the fluxes and concentrations of the quantities under consideration
(Whitham 1974). The theory of one-dimensional kinematic waves has been very
successful in describing, among other things, the settling of particles in liquid-filled
vertical vessels of constant cross-section (Wallis 1969, p. 190; Kluwick 1977). More
recently, the theory of one-dimensional kinematic waves has been extended to deal
with non-constant cross-section also (Baron & Wajc 1979; Anestis 1981).
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Generalizations to more than one space co-ordinate are so far lacking. This may be
partly because of the fact that in one-phase flow the generalization seems to be trivial,
and the results not very interesting (Hayes 1974, p. 19). In two-phase flow, however,
there are two coupled continuity equations to be satisfied, and further difficulties
arise from the boundary conditions at inclined walls.

It has been known for about 60 years (Boycott 1920) that in the presence of inclined
walls sedimentation rates can be several times larger than in vessels with vertical walls.
Several models have already been proposed in order to provide a quantitative
description of the phenomenon. The earlier models, which are reviewed by Hill,
Rothfus & Li (1977) and Acrivos & Herbolzheimer (1979), were based on observations
and did not rationally proceed from the basic equations of fluid mechanics. More
recently, Hill et al. (1977) obtained numerical solutions of the two-phase flow
equations for a very dilute suspension of particles that settle with a predetermined
velocity relative to the fluid. Acrivos & Herbolzheimer (1979) developed an asymptotic
theory in terms of a sedimentation Grashof number @ and a sedimentation Reynolds
number R, with ¢/R— o0 and G/ R*— c0. They indicated that the sedimentation rate
can be predicted by the well-known Ponder-Nakamura-Kuroda formula (Ponder
1925; Nakamura & Kuroda 1937), and provided very interesting details of the flow
field. The case /R — o, G/ R* = O(1) was also briefly discussed by Acrivos & Herbolz-
heimer (1979), but no solutions were given.

The present paper is concerned with the limit G'/R?®—>oco while G/R*—0. The
analysis is based on the continuity equations for the particulate phase and the
incompressible mixture, respectively, supplemented by a drift-flux relation describing
the relative motion of the particles and the liquid in terms of the particle concentration.
As the inertial terms are neglected in the bulk flow, the particle concentration is
constant in planes perpendicular to the body force, i.e. in horizontal planes. It follows
that there are horizontal kinematic-wave fronts (including one of two types of kine-
matic shocks) whose vertical motion depends on the two-dimensional or three-
dimensional total volume flux. However, it is not concluded that the particle concen-
tration is constant in the whole suspension. Thus, in contrast to that of Acrivos &
Herbolzheimer (1979), the present theory also predicts sedimentation processes with
centred waves which emerge from the bottom if the initial concentration is such that a
simple concentration jump from the suspension to the sediment is not possible (i.e.

oy < Ay < Ay,

cf. figure 3). Although the theory ignores interparticle forces that could be important
in the high-concentration region near the bottom, centred waves have been observed
in the one-dimensional flow in vessels with vertical walls, and good agreement has
been found between the experimental results and the predictions according to
kinematic-wave theory (Shannon et al. 1964; Shannon & Tory 1965).

At inclined, downward-facing walls the ordinary boundary conditions (tangential
flow of both the liquid and the particulate phase) cannot be satisfied. This leads to a
boundary layer in which the velocity is much larger than in the suspension. It turns
out that the flow in the bulk of the suspension can be determined without any know-
ledge of the details of the flow in the boundary layer. The boundary layer, on the
other hand, can be subdivided into an inviscid main part, a viscous sublayer at the
wall, and a free shear layer at the interface between the clear liquid and the suspension.
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The bulk flow’s independence from the boundary-layer flow and the mainly inviscid
boundary layer give rise to a flow field that is remarkably different from the limiting
case G/ R*— oo as investigated by Acrivos & Herbolzheimer (1979).

2. Differential equations

Consider the unsteady flow of an incompressible mixture of a fluid (subscript 1) and
solid particles of uniform shape and size (subscript 2). The volume fraction of particles
(concentration) is «, and the vectors of volume flux densities of fluid and particles are
respectively j, and j,. The following analysis is concerned with the bulk suspension
away from the boundary layers at inclined walls. (The flow in the boundary layer is
considered in the appendix. The flow in the clear liquid on top of the suspension is not
considered, as under the present assumptions it does not effect the flow in the bulk
suspension.) We anticipate that the volume-flux density (and velocity) of the liquid
phase in the suspension is of the same order of magnitude as the terminal settling
velocity U of a single particle in the fluid at rest. This can be seen from the boundary
condition at inclined walls (cf. §4), and is a result of the fact that the entrainment
velocity into the boundary layers is of order U (cf. appendix). Hence we introduce
dimensionless variables by referring all volume flux densities and velocities to U, all
lengths (including the spatial co-ordinates) to a characteristic length H of the flow
field, e.g. the height of the vessel, and the time ¢ to H/U.

With the total volume flux density j = j; +j,, the equations of continuity for the
solid phase and the mixture are respectively

V.j=o. @)

The pressure p is referred to the hydrostatic pressure in the pure liquid (density p,) by
defining a dimensionless pressure P according to

VP = (Vp—8p,)/9p1,

where g is the constant body force per unit mass (gravitational acceleration) and g its
absolute value.

Following the basic ideas of the one-dimensional theory of kinematic waves in
two-phase systems (Wallis 1969, pp. 91 and 133) we are going to assume that the effects
of inertia and viscosity are small. If po( > p,) is the density of the particle material and
v, is the kinematic viscosity of the liquid, which is assumed to be of the same order of
magnitude as the kinematic viscosity of the suspension with the initial concentration
a,, the buoyancy force, inertial forces and viscous forces are of the order of magnitude
of ayg(ps —p1)/p1, U*/H and v, U /H? respectively, with all forces referred to the unit
mass of the liquid. Defining a sedimentation Grashof number G and a sedimentation
Reynolds number E by

G = H3qay(py—p1)/p1v}, B =HU/w, (3)
we conclude that neglecting the viscosity of the suspension and inertial effects is



326 W. Schneider

Both G//R and G/R? are usually very large in applications of batch sedimentation.
It follows that the momentum equation of the mixture is reduced to

VP = a(ps/py~1)e, (5)

where e is the unit vector in the direction of gravity. Equation (5) indicates that the
pressure is, in this approximation, equal to the hydrostatic pressure in the mixture.
Furthermore, by the same reasoning as in the one-dimensional theory (Wallis 1969,
p. 91), the momentum equation of the relative motion is reduced to a functional
relation between the drift flux j,, and the concentration «. With the drift flux defined by

Jo =J2—aj (6)
the functional relation is written formally as
ju = fla)e. (7)

Equation (7) indicates that the drift-flux vector is parallel to the vector of the terminal
settling velocity of a single particle in the quiescent fluid. The function f(et) is to be
determined from suspension mechanics or by experiments. Often an empirical cor-
relation of the power-law form

fla) = a(l—a)* (n = const) (8)

is used. According to Richardson & Zaki (1954), cf. also Wallis (1969, p. 178), the value
n = 4-65 provides good results forsmall particle Reynoldsnumbers and very small ratios
of particle diameter and vessel width. For larger particle Reynolds numbers smaller
values of n are appropriate. The correlation is terminated at a certain value o, which
is the particle concentration in the sediment (packed bed). For hard spheres a is
known to be about 0-6.

Applying the curl operator to (5), we obtain

Vaxe =0, (9)

Thus the concentration gradient must either vanish or be parallel to the gravity
vector, i.e. the particle concentration in the suspension is constant in any horizontal
plane at any instant of time.

We now introduce a space co-ordinate z in the direction of g. The co-ordinate
surfaces z = const are horizontal planes. The other two space co-ordinates can be
chosen at our convenience. It then follows from (9) that

o = afz,t). (10)

The particle continuity equation (1) can now be essentially simplified. Introducing the
drift-flux relation by means of (6) and (7) and satisfying the continuity equation (2) of
the mixture, we obtain

%;+[j+ef’(a)].Va=O, (11)

where f'(a) = df/de. Since e is in the direction of z and & = a(z, ¢), (11) can be rewritten
as

oa . . oo
St @15 = 0, (12)
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where j, is the z-component of the total volume-flux vector j. Equation (12) is of the
same form as in the one-dimensional flow with constant cross-section. It describes the
propagation of kinematic waves with the wave velocity

w=j,+f"(a). (13)

In the one-dimensional flow in a vessel with vertical walls and constant cross-section,
the total volume flux j is constant. The constant is zero if there is a fixed bottom, which
is usually the case with batch sedimentation. In a vessel with inclined walls, however,
the flow is two-dimensional or three-dimensional, and j is to be determined from the
continuity equation (2), supplemented by appropriate boundary conditions and the
auxiliary condition (10). Thus the kinematic waves, which propagate in a quasi-one-
dimensional manner, are imbedded in a two-dimensional or three-dimensional total
flow field which, in turn, depends on the waves via the boundary conditions (cf. §4).

Differentiating the kinematic-wave equation (12) with respect to any co-ordinate x
orthogonal to the z-axis and taking into account that, according to (10), & does not

depend on x, we obtain 8, oo .

14
ox 0z (14)

This condition is satisfied if ¢j,/8x = 0 or if da/dz = 0. In the latter case it follows from
(12) that & = const, and (12) is satisfied trivially. The former case, however, yields

Jo = Jal2: ). (15)

This is an auxiliary condition which has to be obeyed when seeking for solutions of
the continuity equation (2). The special case @ = & = const seems to be an exception.
In this case, however, a solution that is stable with respect to small perturbations of
the constant concentration is being sought. Thus, if @ = &+ ea’(z,t) with ¢ 0 it is
required that j, =j,+¢j,. Taking into account that ¢a/dz = 0 but da’/dz + 0 we
obtain from (14) ¢7,/6z = 0. Therefore, the condition (15) is also applied to the case of
constant concentration.

For steady flow, e.g. for a continuous thickening process, (12) yields @ = const
unless j, = —f’(«) or a discontinuity appears. We shall not, however, proceed further
with steady-flow problems in this paper.

For unsteady flow, the wave fronts (¢, z) = const are introduced. The co-ordinates
(t, 2, ...) are replaced by the new independent variables (7, {, ...) with

0z . ,
t=r, P =3, +f'(a). (16a,b)

This transforms the kinematic-wave equation (12) into da/0r = 0, with the general
solution
o = (). (17)

Thus, as in one-dimensional flow with constant cross-section, the particle concen-
tration remains constant on wave fronts. The function «(¢) is to be determined from
initial conditions together with boundary conditions and - perhaps — jump conditions
at discontinuities (kinematic shocks).

Tt might be tempting to conclude from (17) that in the case of a constant initial
concentration the concentration in the suspension remains constant at all times.
Although, in fact, this may happen under certain circumstances (cf. the examples in
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§§5.1 and 5.4) the conclusion is not true in general. For the initial conditions may be
such that centred kinematic waves appear which give rise to a continuous variation of
the particle concentration in the suspension (cf. the examples in §§5.2 and 5.3).

3. Kinematic-shock relations

Discontinuities in the concentration « propagate as kinematic-shock waves. Such
discontinuities separate the suspension from the clear fluid on top and from the
sediment at the bottom of the vessel, and under certain conditions they may also
appear within the suspension.

We shall denote quantities immediately behind the kinematic shock wave by =,
while quantities without the circumflex refer to the state immediately in front of the
shock. In the shock the particle volume fraction jumps from « to &. Since inertial
terms, i.e. convective momentum flux, and friction are neglected, the conservation of
momentum flux across the shock implies that the pressure has to be the same on both
sides of the shock. Thus § = p in any point of the shock surface. If t is a vector within
the tangential plane in any pcint of the shock surface, it follows that the inner deriva-
tive of the pressure t.Vp has to be the same on both sides of the surface. Substituting
according to (3) and taking into account the fact that « is different on both sides of the
discontinuity, we obtain t.e = 0. This shows that the kinematic shock surface is
horizontal provided that (5) is satisfied on both sides of the shock. This is not neces-
sarily the case in the sediment layer in which the particles support each other.

The propagation velocity W of the kinematic-shock waves can be determined in the
same manner as in the well-known one-dimensional case (cf. Wallis 1969, p. 134). For a
(possibly inclined) shock that separates the suspension with concentration o from the
sediment, which is at rest and has the concentration e, conservation of the volume of

the solid phase yields
W @

as_a(e.n), (18)

where n is the unit normal vector of the shock surface (i.e. sediment surface).
For a horizontal kinematic shock the normal component of the total volume flux is

conserved if 3‘2 =i, (19)
and from the conservation of particulate volume one obtains
_ . J@)-fle)
W=j+s— (20)

A horizontal shock remains horizontal only if W = W(z,¢). Together with (10) this
again yields (15).

4, Boundary conditions at walls

An ordinary boundary condition would require that the flow of both the liquid
phase and the solid phase (particle cloud) be tangential at a wall. At downward-facing
inclined walls, however, that condition cannot be satisfied within the framework of
the kinematic model, since, according to (7), the drift flux is always in the vertical
direction. This is also the reason why our basic equation (12) is of the same form as if
the cross-section were constant. It therefore contradicts the continuity equation of
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one-dimensional flow with variable cross-section 4. The conclusion is that the theory
of kinematic waves fails near downward-facing inclined walls. Owing to the vertical
drift flux, there is a thin layer of clear liquid at the downward-facing inclined wall. This
has already been observed in all relevant experimental investigations (see e.g. Hill
et al. 1977; Acrivos & Herbolzheimer 1979). The volume flux in the boundary layer
has to compensate for the deficiency of (12), which is a simplified continuity equation
for the particle phase. Thus the velocity in the boundary layer is much larger than in
the bulk of the suspension. Inertial effects and/or viscosity can no longer be ignored
in this layer but are essential for balancing the buoyancy forces, which are due to the
difference between the particle concentration in the boundary layer and that in the
bulk of the suspension.

The thickness d of, and the tangential velocity % in, the boundary layer can be easily
estimated. Since § is referred to H, and u is referred to U, continuity of volume flux
requires du to be of order unity. Furthermore, the inertial terms (which have been
neglected so far in the momentum equations) are of the same order of magnitude as the
buoyancy term (which has been retained) if 2 is as large as @/ R?; cf. (3)~(5). Similarly,
the viscous terms are of the order of the buoyancy term if %3 is as large as ¢//R. Thus
inertial effects and viscosity are both of importance in the boundary layer if G:R-1
and G¥R-* are of the same order of magnitude, i.e. if G/R* = O(1). Viscosity dominates
the flow in the boundary layer of clear liquid if G/R*— co. It is this case that has been
investigated in detail by Acrivos & Herbolzheimer (1979). On the other hand, if
G /R*— 0 viscous effects are either small or confined to very thin sublayers of the
boundary layer, which is mainly inviscid and occupies a thickness & = O(G—tR). The
latter case will be studied in what follows. Note that G/R*— 0 together with G/R?— oo
implies E— 0.

There are no unbalanced buoyancy forces in the suspension as long as (10) is satisfied.
As, furthermore, viscous shear stresses are negligibly small in the boundary layer, the
entrainment of suspended particles into the boundary-layer flow of clear liquid is
negligibly small, too. (For a more detailed analysis see the appendix.) On the other
hand, the boundary layer can be maintained particle-free only if the normal com-
ponent of the particle volume flux in the suspension j,, vanishes at the wall. With
(6) and (7) we immediately obtain the boundary condition

aj, +fla)cosf = 0 at the wall, (21)

where j, is the normal component of the total volume flux j and 6 is the angle between
the (vertical) z-axis and the wall normal pointing into the suspension (figure 1). Since
0 < @ < im it follows from (21) that j, < 0, i.e. the total volume flux in the suspension
is always towards the wall.

5. Examples: batch sedimentation in vessels with inclined plane
or conical walls

We shall now study simple examples of two-dimensional or axisymmetric fiow. For
a two-dimensional flow in a Cartesian (x,z)-plane the vessel consists of a horizontal
bottom, two plane side walls with inclination angle 0, either roof-like (inclined toward
each other, figure 2a) or parallel to each other (figure 25), and two vertical side walls
parallel to the (z, z)-plane. In the axisymmetric case the vessel is a truncated, circular
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Figure 1. Boundary condition at downward-facing inclined wall.

cone with vertical axis and horizontal bottom (figure 2a). In this case x is the radial
co-ordinate. The top surface is always supposed to be horizontal and may either be a
solid wall or a free surface of the fluid. The reference length H for the dimensionless
variables is defined as shown in figures 2 (a, b).

The present theory applies only if the boundary-layer thickness & is much smaller
than the width of the vessel, i.e. d/hcot6 = o(1) and &§/asin 6 = o(1), respectively.
With the orders of magnitude given in §4 the conditions are respectively

1/hcot = o(G2R1) and 1/asinf = o(GIR-1).

Very narrow vessels (widths comparable to the boundary-layer thickness) have
recently been studied by Herbolzheimer & Acrivos (1981).
The continuity equation (2) of the mixture can be rewritten as

1 Hw), b,

x®  ox oz (22)

where o = 0 for two-dimensional flow, o = 1 for axisymmetric flow, and j,, j, are the
x-, z-components of the total volume-flux density j. Taking (15) into account, (22)
can be integrated at once to yield
x &, .

L 6 2
1+a@z+0(z’t)00t , (23)

ja::—

with an arbitrary function C(z,¢). In case of roof-shaped or conical walls, symmetry
with respect to x = 0 requires O(z,t) =0 (24a)

For parallel walls, however, C(z, ) is to be determined from the boundary condition at
the upward-facing inclined wall. It states that the normal flux component

j'n. = jz cos _ja: sin ¢

vanishes at the surface of the sediment layer with height s, i.e. at (z+a)tan 6 = z+s.
This yields Py

%)z
oz’

Oz, t) = j,+ (z+s—a’) (240)

where ¢’ = atan§.
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(a)

{
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b
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F1cUrE 2. Batch sedimentation in vessels with inclined plane or conical walls:
(a) roof-shaped plane walls or conical wall; (b) parallel plane walls.

At the downward-facing inclined wall # = zcot# the normal flux component
Jn = j,c080—j, sin 6 has to satisfy the boundary condition (21). Substituting for j,
according to (23), we obtain

2 9, .
[ —+JZ =

140 oz

o) +0(z,1). (25)
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Ficure 3. Types of sedimentation depending on the initial concentration o, Drift-flux
relation according to (8), n = 4-6; o, = 0-64, &, = 0-502, &, = 0-357, &, = 0-151.

Equation (25) and the kinematic-wave equation (12) comprise a system of two firat-
order partial differential equations for the two unknowns «(z,f) and j,(z,t). The
coupling of the equations is due to the boundary-layer flow at the inclined walls, and
has no counterpart in the well-known one-dimensional theory of vessels with vertical
walls.

An interesting consequence of (25) and (23) is that an initial condition for the total
flux j cannot be prescribed independently of the initial particle concentration «,.
Rather j, at initial time { = 0 is to be determined by integrating (25) with a = «,,
and j, att = 0follows from (23). The reason for this peculiar restriction is in the failure
of the kinematic-wave theory to describe properly the starting-up process, which is
controlled by dynamic effects.

Depending on the initial concentration «,, three different types of sedimentation
come into operation (figure 3). The concentrations «;, o, and a, that separate the
various sedimentation types from each other are respectively the concentrations at
the inflection point of the drift-flux curve, at the point where a straight line through
the sediment point o is tangent to the drift-flux curve, and at the point where the
tangent crosses the curve. Thus a,, o, and «, are to be determined from

fio) =0, flota)/ (ot — ) = flote) (a1 — t5) = f'(y). (26)
The classification is exactly the same as in the well-known one-dimensional theory of
a vessel with vertical walls (cf. Wallis 1969, pp. 191-194). For this classification is
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based on the relative magnitude of the kinematic-wave velocities and kinematic-
shock velocities, and is independent of the total flux j.

5.1. Roof-shaped and conical walls, sedimentation type I
(g € g 01 0y = ay)
A kinematic shock separating the suspension with initial concentration o, from the
sediment with concentration « is possible. This shock moves, according to (20), with
the constant dimensionless velocity W = —f(a,)/(as—a,). Since at ¢ = 0 the sedi-
mentation process starts with no sediment at the bottom (2 = 1) we obtain the
following position of the shock separating the sediment from the suspension:

2= 1) (27)
o — oty
In the suspension the concentration remains constant and equal to «, Thus the

kinematic-wave equation (12) is trivially satisfied in this case, and from integrating
(25) with C(z,t) = 0 we obtain

Here, a function of integration has already been determined such that j, = 0 at
z = 24(t), i.e. at the sediment, which is at rest.

As z— 0 the flux density j, increases beyond bounds. Thus inertial effects can no
longer be ignored and one of the basic assumptions of kinematic wave theory is
violated at and near the tip of the vessel.

Equation (28), which is valid in the suspension, shows that j, is positive, i.e. directed
downwards. This results in an enhanced velocity of the kinematic shock separating
the suspension from the clear liquid on top. With W = dz,/dt a differential equation
of the shock position z = z,(t) is obtained from the kinematic-shock relation (20).
Substituting according to (28) and integrating, we obtain

227 — 2+o =.0_‘§.__“0{1__[1_M_t:|2+6;_ (29)
QX Qg — %

By a suitable choice of a constant of integration, (29) has been made to satisfy the
initial condition 2, =% at t = 0 (cf. figure 2a). According to (29) the path of the
kinematic shock separating the suspension from the clear fluid is a quadratic (two-
dimensional case, o = 0) or cubic (axisymmetric case, o = 1) parabola in the (z,?)-
plane (figure 4).

The settling process is terminated after a certain time #,. It can be determined either
from the intersection of the upper and lower shock paths (figure 4), or from equalizing
the total volume of the solid phase both in the sediment and in the initial suspension.

The result is 1/@+0)

oty — 0, a,

p= % 0{1 [1_(1_k2+0' 0.:| } (30a)
® Sleo) )“s

The limiting case of a very dilute suspension, i.e. a;— 0, is of particular interest. With
flog) >y as ay—> 0, cf. (8), it follows from (30a) that the sedimentation time is

b =——(1-h%7) as oy—0. (30b)
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Ficure 4. Type I sedimentation in a vessel with roof-shaped plane (0 = 0) or conical (o = 1)
walls; b = 0-5, n = 46, ¢, = 0-106, a, = 0-64.

This is the same result as obtained from the PNK theory (Ponder 1925; Nakamura &
Kuroda 1937), which, however, does not give any details of the flow field. If the con-
vective flow were neglected the sedimentation time in the limiting case a,— 0 would
simply be that of a single particle in a fluid at rest, i.e. £, = 1 —A. This is as much as
three times larger than that given by (30b).

Experiments with very dilute suspensions in conical vessels were performed by
Hill ef al. (1977). Since the sedimentation Reynolds number was not very large and,
besides, the vessels were filled to the tip, where kinematic-wave theory does not apply
(cf. (28)), the experiments of Hill et al. (1977) cannot be compared with the present
theory.

Let us now return to the more general case of finite particle concentration. Since
o = a, = const it is easy to determine the instantaneous streamlines (2, x) = const
of both the liquid (subscript 1) and the solid phase (particle cloud, subscript 2). The
stream functions ¥, and ¥, are defined by

V1,2 _ V1,0
ox 0z

x99y, 220 = — 2%, 5 (31)

Now j, with components jy,, j,, is related to & and j with components j,, j, according to
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Ficure 5. Instantaneous streamlines of liquid (- - - -) and solid (...... ) phases at initial time
¢t = 0 (particle streamlines and particle paths are identical). Vessel: truncated cone; h = 0-5,
n = 4-6. Initial concentration (&, = 0-106) of type I (no centred wave).

(6) and (7), and j, follows from j;, = j —j,. Using the results (28) and (23) and integrating
{31), we obtain

Y= lﬁgf%") [(1 ) (?f) " 1} , (32a)
Yo =1 :: flex) (Z—:)Ho. (320)

Thus the instantaneous streamlines of the solid phase are straight lines = Kz, with
K depending on the parameter ¢ since z; = z,(t). Therefore the particle paths, too, are
straight lines originating from the intersection of the inclined walls (i.e. the cone tip
in the axisymmetric case). The liquid streamlines in the suspension region are bent
towards the inclined walls and, in contrast to the case of vertical walls, are directed
downwards (figure 5).

5.2. Roof-shaped and conical walls, sedimentation type 1T (a; < oy < o)

A kinematic shock between a, and « is not possible since it would move with lower
speed than the kinematic waves in front of it. Thus there is a kinematic shock with a
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Ficure 6. Type II sedimentation in a truncated cone;
h=05n =46, a, = 045, a, = 0502, o, = 0-64.

concentration jump from o, to g, but the increase in concentration from «, to a; is
continuous and can be described by centred kinematic waves (figure 6).

In order to determine the centred waves it is convenient to introduce the wave
variable { as a new independent variable defined by (164, b). By this transformation
(25) with C(z,t) = 0 becomes

2z 9, [. flo)]oz
—“"—+[ z+-;—:la—£,— 0.

1+odl (33)

Equations (33) and (165) are a system of two equations for the two unknowns j5,(£,7)
and 2({, 7). According to (17) a = a({), with «({) to be determined from initial and
boundary conditions. Since in a centred wave all waves have their origin in the same

point, «({) can be chosen arbitrarily in this region. The simplest choice is the linear
relation

a = at_g’ (34)

which satisfies the boundary conditions a = « at the shock front { = 0, and « = «, at
the wave { = a, —a, separating the centred-wave region from the region of constant
concentration. Further boundary and initial conditions are

J.=0 (£=0, 7>0), (35a)
z=1 (1=0, 0<{<a—ay). (350)

Equation (35a) is due to the fact that the total volume flux is continuous across the
kinematic shock with the sediment behind it being at rest. Equation (355) indicates
that the wave centre is at the bottom.
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The system of equations (33) and (16b) is in the form of compatibility conditions,
and may be solved by a method of characteristics. Solutions in closed form can be
obtained by the method of strained co-ordinates based on the assumption that
oy — oy is very small compared to unity. This is quite well satisfied by the usual drift-
flux correlations (cf. figure 3). Thus we expand in terms of £ as follows:

z2=2(1)+ &*(1)+..., (36a)
Jo =i m)+ ... (36b)

In (36b) the first-order term has been omitted in order to satisfy the boundary
condition (35a). Introducing the expansions (36a,b) into (165) and (33) and solving
the perturbation equations subject to the boundary condition (35b), we finally obtain
(with 7 = ¢)

25 = 14" (@)t (37)
*® _ f”(at) m

=g (o), (380)

#="E ) - mo), (38)
i _

2 f_'(at) 2;Inz, (m=0), (39a)

Ji = =f"la)nzg, (m=0), (390)

(

(40)

This is the solution in the centred-wave region. Unlike the one-dimensional flow in
vessels with vertical walls, the wave fronts are not straight lines any more. Note that
S"(ay) is of order oy —a;, since f”(a;) = 0. Thus in the centred-wave region, the total
flux j, is of order (ot; — ;)%

For the region of constant concentration, which is above the centred-wave region,
we have to solve (25) with a = a,. It is required that the solution be continuous at the
limiting wave front { = a; —o,. Thus the boundary condition is

Jo =@ —ag) g3 () at 2z =zy(t)+ (ot~ o) 2*(t). (41)
The solution in the region « = ¢, is
. _f(d ) [ {2\ N AT
= L&) e S - (2) T e, @
with 2z, according to (37), and
_ (L+0)f(20)] ¢n

The solution for m = 0 can be obtained from (42) by applying the limit process m — 0.

In a first approximation, with terms of order («; —a;)? being neglected, the solution
(42) agrees formally with the solution (28) describing sedimentation of type I. Only
the function z,() is somewhat different in both cases (cf. (27) and (37)). Therefore the
position z(t) of the kinematic shock separating the suspension from the clear liquid on
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Fioure 7. Type III sedimentation in a truncated cone; b = 0-5, n = 46,
ay = 0217, @ = 0-45, a, = 0-502, o, = 0-64.

top also corresponds —in a first approximation —to that of type I, (29). The
result is
f (0‘0) ’
23+ — pte = L0 (1) fa ViR — 1)+ (44)
0 aof (at){[ f( t) ] }
where the neglected terms are of order (ot; — ;)2
Finally, by comparing the total volume of the solid phase in the sediment with that
in the initial suspension we obtain the sedimentation time

! {1 - [1 —(1— A2+ 59] mm}. (45)

= 2

This result is analogous to (30a).

5.3. Roof-shaped and conical walls, sedimentation type 111
(2t < 2t < at)
A continuous connection between the centred wave and the region of constant initial
concentration is not possible. Rather there is a third kinematic shock which separates
the two continuous regions of the suspension (figure 7). The concentration & immedi-
ately behind this shock is determined solely by the drift-flux relation. It is given by the
point where a straight line through the point of the initial state (@ = «,) is tangent to
the drift-flux curve (figure 3). Thus the shock speed is the same as the wave velocity
immediately behind the shock, and the shock path 4 in the (z,£)-plane (figure 7)
coincides with the limiting wave front (o = @) of the centred waves. The centred waves
can be determined from the equations derived in the §5.2, i.e. (34) and (36)-(40).
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Furthermore, the shock path CB is a straight line, and is again given by (37). With
respect to the sedimentation time this implies that (45) also applies to type III.

On the same arguments as for type II, the total flux j, is small and of higher order
in the centred-wave region, while in the constant-concentration region it is, to a first
approximation, given by (28) with 2,(f) evaluated according to (37). It follows that
the liquid-suspension interface is again given approximately by (44) until, at a
point A (figure 7), it meets the kinematic shock that is the upper boundary of the
centred-wave region. For larger times (¢ > £,) the interface is influenced by the
centred waves. With j, negligible in this region, and « approximated by «;, (20) yields
the kinematic-shock velocity W = f(«;)/e;+.... This is a constant, and section 4B
of the interface is approximately a straight line (figure 7).

5.4. Parallel plane walls, sedimentation type I (oy < ay 07 g > ;)

At the upward-facing inclined wall sediment can accumulate. We assume that the
sediment remains at rest, which requires sufficiently small inclination angles, de-
pending on particle shape and material. The assumption is superfluous for very small
initial concentrations oy < 1, since in this case the thickness of the sediment layer is
negligible.

As a kinematic shock between the suspension with initial concentration &, and the
sediment with concentration as is possible if the value of «, is in the regime of type I,
the concentration remains constant in the suspension.} It then follows from the
kinematic-shock relation (18) that the rate of increase of the sediment height s
(measured in the vertical direction, cf. figure 2b) due to particle settling is

f(“o)/(as - ao) = const.

Note that the rate of increase is independent of the inclination angle 6. It is therefore
the same above the horizontal bottom and above the upward-facing inclined wall.
Since no particles can settle from the clear liquid, the sediment height s does not
increase with time any more above the liquid-suspension interface, i.e. for z < z,(t),
where 2,(t) is still to be determined. Hence the sediment height becomes

s = At (2" 2 zy(t)+ At), (46a)

s=Ar(@')y (&' = 2zy(t) +4¢), (46b)

with 4 = flay)/ (o — ), (47)
' = (x+a)tand, (48)

and 7(z’) to be determined from
x' = zy(T)+ AT (49)

Since & = &y = const, the total volume flux in the suspension can easily be obtained
by integrating (25) with C(z, t) substituted according to (245). A function of integration
is determined from the condition that the vertical flux component j, has to vanish at
the horizontal suspension-sediment interface above the bottom, i.e. at

z=1—8=1-A4¢t.

1 In the presence of an upward-facing inclined wall the rather large initial concentrations in
the regimes IT and ITT seem to give rise to some additional problems that are beyond the scope
of the present analysis.
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This yields . flag)1—z—At

iy TR (50)

where, as before, @’ = atan has been introduced. Furthermore, from (23) the

horizontal flux component
_ flog) 14+2" —2(2+ At)
T oy (@' —At)tan

(51)

is obtained.

The position of the liquid-suspension interface z = zy(f) can now be determined
from the kinematic-shock relation (20) with W = dz,/dt. Performing the integration
yields

’

aS
ag— 20

dg—a&g ao ,(__a__)
)[1— 1— At/a’ fes—adleg] — _2a2 At. (52)

2(t) = (1 +

The settling process is terminated at time ¢ = £; when the liquid-suspension interface
meets the horizontal part of the suspension-sediment interface. Hence £, is given by
the relation zy(¢,) + At; = 1.

Finally the streamfunctions ¥, and i, describing fluid streamlines yr; = const and
particle streamlines 3, = const, respectively, can be found in the same manner as in

§5.1. The result is
_ flog) 1—z—At_ , (1—2z—24¢%)z
gbl'zvtanﬁ{(n a’ — At Fl)a'—n a' — At ’ (53)

where, for y;, 2 = (1 —a,)/a, and the upper sign is taken, whereas, for y,, n = 1 and
the lower sign is taken.

The results become rather simple for very dilute suspensions, i.e. &, <€ 1. Since
flag) =y as ag—> 0 we obtain from (50)-(53) the following limiting results as oy— 0:

Jo=(1—=2)/a', j,tanl = (1-2z+2')/a’, (54)
29 = (1+a') (1 —e~tia), (55)
a'ln(1+1/a"), (56)

gﬁlatanzﬁ (1—2)(z' —2), (57a)
(Yg/op)atan?6 = 2'(1+a’ —2z)— (1 —2) 2. (57b)

Equations (55) and (56) are in agreement with the results of Ponder (1925) and Naka-
mura & Kuroda (1937). According to (54) and (574, b) the velocities and streamlines
within the suspension region are independent of time (but, of course, the boundaries
of this region move with time). Thus particle streamlines and particle paths are
identical in the limiting case o, — 0. Note, furthermore, that in the reduced co-ordinate
system (2',2) (with 2 = (x +a) tan ¢) the streamlines do not depend separately on the
two geometrical parameters a and ¢, but only on the combined parameter ¢’ = atan 6.
A typical example is shown in figure 8.

Retaining only first-order quantities in terms of the small initial concentration «,
also simplifies (46)-(49), which give the height of the sediment layer. The height
distribution after termination of the settling process may be of particular interest.
With ¢ = ¢, according to (56), we obtain from (46a) for the sediment-layer height
above the horizontal bottom

a, 1+a
s==2a"In —

, (58a)

5
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—05
1
4
Ficure 8. Streamlines (paths) of liquid (- - - -) and particles (...... ) in a vessel with parallel,
inclined plane walls. Very dilute initial suspension (¢, > 0);a’ = atan = ;2" = (v +a) tan 6,
Yy = Ynatan? 0, Yy = (¢¥,/a,) a tan? 0.
and from (46b) for the sediment-layer height above the inclined wall
a 1+a
s=2aln—— (@& £1) (58D)
oy 1+a —x
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Appendix: The flow in the boundary layer at a downward-facing
inclined wall

For simplicity only two-dimensional and axisymmetric flows are considered in what
follows. Boundary-layer co-ordinates (£, #) are used, and the £- and %-components of
the total volume flux j are denoted respectively by » and » (figure 9). Note that in the
clear liquid (¢ = 0)  and v are identical with the velocity components.

The inviscid part of the boundary layer
The following stretched variables are defined:
@ =GtRu, ¥=u,
E=¢ §=GiRY, &= G%R*l&}
The equation of the interface between the suspension and the clear liquid is 4 = &§(Z, t).
Considering the limit ¢//R? oo and (// R*— 0, the equation of motion of the liquid
in the direction normal to the wall reduces to 9P/djj = 0. Thus the pressure in the

particle-free layer is equal to that in the suspension and given by (5). As & = 0 in the
particle-free layer, the equation of motion in the tangential direction becomes

ﬁaif 6%=Msin0. (A 2)
o on %o

(A1)
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a=a(z t) |

Figure 9. Boundary layer at downward-facing inclined wall.

This equation shows that, in a first approximation, the flow in the boundary layer of
clear liquid is inviscid and quasi-steady. The concentration a(z,t) in the suspension is
to be determined by solving the kinematic-wave problem formulated in §§2-4.

The continuity equation can be written as

Hx"d) O(x°D)
— + o
o o7
where an integer o is used to distinguish the two-dimensional case (o = 0) from the

axisymmetric case (o = 1), and z is the distance of a point at the wall from the axis of
symmetry (figure 9). The appropriate boundary conditions are

=0, (A 3)

5=0 at §=0, (A 4a)
T=j, at §=28E¢), (A 4b)
=0 at §=268F1). (A 4c)

Equation (A 4b) expresses the continuity of the total flux at the suspension-liquid
interface. With j, given by (21) it is guaranteed that no particles flow through the
interface (j,, = 0). Equation (A 4c¢) is a consequence of the conservation of tangential
momentum flux through the interface, together with the fact that the tangential
velocity in the suspension is an order of magnitude smaller than in the particle-free
boundary layer.

The continuity equation (A 3) can be satisfied by introducing a streamfunction ¥
as follows:

1oy oy
YSrTa e

, (A 5)
5_____1_3(95!&)2_%*_0'0050#

x” of 8
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Substituting into the momentum equation (A 2) yields

2 gn o, (A 6)

ocosf

= (ve-T20) v =

0

where partial derivatives with respect to £ and 7 are denoted by subscripts £ and 7
respectively. The boundary conditions in terms of ¢ read

=0 at §=0; (A 7a)
ocosf f L e
Vi———V¢ = COSB at 7 =0(,1); (A 7b)

Of course, the inviscid boundary-layer flow can neither satisfy the condition of zero
velocity at the wall nor will the shear stress be continuous at the suspension-liquid
interface. Hence a viscous sublayer at the wall and a free shear layer at the interface
have to be introduced. Both layers are very thin in comparison with the inviscid part
of the boundary layer.

The viscous sublayer at the wall

The convective, buoyancy and viscous terms become of equal importance if the
variables are stretched as follows:

Uy = G—*Ru, vy= G‘iRv,l
gs = g’ Ns = Gi?] J

Thus the ratio of the sublayer thickness to the total boundary-layer thickness is as
small as GIR-1,
Written in the sublayer variables defined by (A 8), the momentum equation becomes

(A 8)

2
Oug Oug a(z,t)sin6+8 Ug

us‘@'+vs%= ) o

(A9)

The continuity equation (A 3) remains unchanged, i.e. the tilde is to be replaced by
the subscript s. The boundary and matching conditions are

U, =v,=0 at 7,=0, (A 104q)
lim u, = lim 4. (A 10b)
Ng >0 i—0

Obviously the problem defined for the sublayer is of the type of a classical viscous
boundary layer.

The free shear layer at the interface

Since the normal velocity v is equal to j,(£) on both sides of the suspension-liquid
interface, v will be only weakly disturbed in the free shear layer. As j,, = O(1), the
viscous term R-18%u/dn? can balance the convective term »du/oyn only if the layer
thickness is as small as R-1. (This is much smaller than the thickness of the viscous
sublayer at the wall.) As far as the order of magnitude of the tangential velocity in the
free shear layer is concerned we have to make sure that matching can be accomplished
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with % = O(1) in the bulk of the suspension and with du/én = O(G/R?) in the particle-
free boundary layer. This requires the following stretched variables:

gF=g’ 77F=R(77—6\)» (A 11)
up =u, vp=Rv—j,(£)] if G/R3=0(1) or G/R3-0, (A 12q)
up = (R/G)u, vy = (RYAQ)[v—j,(£)] if G/RP—>o0. (A 12b)

As before, j,(£) is given by (21). In the case G/R?® = O(1) or G/ R3— 0 the tangential
velocity in the free shear layer is of the order of unity, i.e. of the same order of magnitude
as the drift flux. This requires taking the relative motion into account in the momentum
equation, but it cannot be done rigorously by applying the relation (7) since the drift-
flux model is based on neglecting inertial terms in the momentum equation (cf. Wallis
1969, pp. 91 and 123). We shall therefore consider the case G//R*—co in which the
drift flux is negligible in the tangential motion of the mixture. Since there is no
influence of the free shear layer on the leading approximation of the flow outside of it,
the condition G/R%-> 0 applies to the free shear layer only.

It then follows, from the continuity equation (11) for the particles, that da /oy = 0.

This yields a=0 (s <0) }

(A 13)
a = a(z’ t) (”F > 0);

i.e. the result that the particle concentration in the suspension does not vary in
horizontal direction remains true even in the free shear layer.

The equation of continuity of the mixture, (A 3), is again reproduced with tilde
replaced by the subscript F. Taking (A 13) into account, the tangential momentum

equation becomes ou o u
. _E el . __F
Jn e a sin 6 + pcy (7p < 0),
(A 14)

j oup v, 0%p
“onp vy Of

(77]5‘ > 0)’

where v, is the kinematic viscosity of the suspension with particle concentration c.
Tt is related to the dynamic viscosity u, of the suspension by v, = u,/p, with

Py = (1—a)p;+ap,.
The matching conditions are
dup asinf

lim — = —, A 15a
7E—>—c0 O %o Jn ( )

lim up = 0. (A 15Db)
7E—>+ 0

The right-hand side of (A 15a) is the value of & /37 at 4 = §, as obtained from the
inviscid momentum equation (A 2) together with the boundary conditions (A 4b,¢).

At the interface between the suspension and the clear liquid it is required that the
total volume flux and the shear stress be continuous. This yields the boundary condi-

tions
ou ou
lim ( __F)= lim ( _F),
7p—>0— ﬂlaﬂF 7p—>0+ H M
lim up = lim wug, (A 16)
70— 7p—>0+

lim vp = lim vgp = 0.
7p—>0 -~ 7p—>0-+
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Ficure 10. Streamlines (£, 7)) = const in the particle-free boundary layer at a plane
inclined wall; B, = 2f(a,)/a, tan 6, B, = 2B%sin 6.

The solution of (A 14) subject to the auxiliary conditions (A 15a,b) and (A 16) is
found to be

1\ asin 8
Up = (77F +%]“) %] (1p < 0),
Pednl ol @)
_ pyasin ViJn

As was to be expected, (A 17) shows that ug > 0, i.e. the motion in the free shear
layer is directed upwards.

Example

For a plane wall (o = 0) and a sedimentation process of type I (@ = o, = const), the
equations of the inviscid boundary-layer flow of clear liquid, i.e. (A 6) and (A 7a-c),
possess the similarity solution

g o _gptand,,
;h_g[(2sm(9) A 2o /\],

A =FEd, (A 18)
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Note that the origin of the boundary-layer co-ordinates is at the intersection of the
sediment surface and the wall (figure 9).

Representative streamlines are shown in figure 10. The variables are stretched such
that the streamline pattern is independent of both the inclination angle 6 and the
initial concentration «,,.

It follows from (A 5) and (A 18) that both the tangential and normal velocity
components are linearly distributed across the boundary layer, with

i=(2sin0p &, 5=0 at 7=0, 1

) (A 19)
#=0, ¥=—[flay)/g]cosf at 7= 8.J

As the tangential velocity of the inviscid flow at the wall is proportional to &%, the
viscous-sublayer flow is analogous to the classical boundary-layer flow at a wedge
with 60° angle of attack. The Falkner-Skan equation, however, is to be modified
slightly owing to the buoyancy term on the right-hand side of (A 9).
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